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Unit 2: Univariate Distributions and the Central Limit Theorem (Summary)
• Two “measures of central tendency”

– mean (minimize square deviation)
– median (minimize absolute deviation)
– discuss higher moments and semi-invariants

• Some common distributions on the real line
– Normal (Gaussian)
– Student

• Some common distributions on the positive real line
– Lognormal
– Exponential
– Gamma
– Chi-square

• Example of an NR3 class for a distribution function
– PDF, CDF, inverse CDF

• Properties of any distribution’s characteristic function
– moments appear in Taylor series
– product for sum of random variables
– scaling laws

• Compute the characteristic function for the Normal and Cauchy distributions
– Cauchy has divergent moments and (related) has nonanalytic CF

• Prove the Central Limit Theorem
– and see how various assumptions come into it
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Many, though not all, common distributions look sort-of like this:

Suppose we want to summarize p(x) by a single number 
a, its “center”.  Let’s find the value a that minimizes the 
mean-square distance of the “typical” value x:

We just saw the beta distribution with α, β > 0 as an example on 
the interval [0,1].  We’ll see more examples in a few minutes.
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expectation notation:
hanythingi ≡

R
x
(anything) p(x)dx

expectation is linear, etc.

This is the variance Var(x), 
but all we care about here is 
that it doesn’t depend on a.

The minimum is obviously a = hxi. (Take derivative
wrt a and set to zero if you like mechanical calcula-
tions.)

minimize: ∆2 ≡
­
(x− a)2

®
=
­
x2 − 2ax+ a2

®
= (
­
x2
®
− hxi2) + (hxi− a)2

(in physics this is called the “parallel axis theorem”)
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Why mean-square?  Why not mean-absolute?  Try it!

∆ = h|x− a|i =
Z ∞
−∞

|x− a| p(x)dx

=

Z a

−∞
(a− x) p(x)dx+

Z ∞
a

(x− a) p(x)dx

So,

0 =
d∆

da
=

Z a

−∞
p(x)dx+ 0−

Z ∞
a

p(x)dx+ 0

⇒Z a

−∞
p(x)dx =

Z ∞
a

p(x)dx = 1
2

⇒ a is the median value

Integrand at a

Mean and median are both “measures of central tendency”.
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Higher moments, centered moments defined by

μi ≡
­
xi
®
=
R
xi p(x)dx

Mi ≡
­
(x− hxi)i

®
=
R
(x− hxi)i p(x)dx

Semi-invariants are combinations of higher moments 
that are additive, like the variance (M2)

Generally wise to be cautious about using high moments.
Otherwise perfectly good distributions don’t have them at 
all (divergent).  And (related) it can take a lot of data to 
measure them accurately. 
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Univariate distributions to know and love on the real line:

Normal (Gaussian):
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Student:

“bell shaped” but you get to specify the power with 
which the tails fall off.  Normal and Cauchy are 
limiting cases.  (Also occurs in some statistical tests.)
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Common distributions on positive real line:

Exponential:
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Lognormal:

syms mu sig positive
syms x
Pi = sym(pi);
p = (1/sqrt(2*Pi))*(1/(sig*x))*exp(-(1/2)*(log(x)-mu)^2/sig^2)
p =
1/2*2^(1/2)/pi^(1/2)/sig/x*exp(-1/2*(log(x)-mu)^2/sig^2)
norm = int(p,0,inf)
norm =
1
mean = int(x*p,0,inf)
mean =
exp(mu+1/2*sig^2)
sig = simplify(sqrt(int(x^2*p,0,inf)-mean^2))
sig =
exp(mu+1/2*sig^2)*(exp(sig^2)-1)^(1/2)



The University of Texas at Austin, CS 395T, Spring 2008, Prof. William H. Press 12

Gamma distribution:

• Gamma and Lognormal are both commonly used as convenient 2-
parameter fitting functions for “peak with tail” positive distributions.

• Both have parameters for peak location and width.
• Neither has a separate parameter for how the tail decays.

– Gamma: exponential decay
– Lognormal: long-tailed (exponential of square of log)
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Chi-square distribution (we’ll use this a lot!)

Has only one parameter ν that determines both peak location and width.
ν is often an integer, called “number of degrees of freedom” or “DF”

the independent variable is χ2, not χ

It’s actually just a special case of Gamma, namely Gamma(ν/2,1/2)
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NR3 has classes for many common distributions, with algorithms for p, cdf, and inverse cdf. 

Matlab and Mathematica both have many distributions, e.g.,

chi2pdf(x,v)
chi2cdf(x,v)
chi2inv(p,v)

• PDF p(x)
• CDF P(x)
• Inverse of CDF x(P)
• Random deviates drawn from it (we’ll get to soon)

For a univariate distribution, one wants efficient computational methods for all of:
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The characteristic function of a distribution is its 
Fourier transform.

φX(t) ≡
Z ∞
−∞

eitxpX(x)dx

(Statisticians often use notational convention that X is a random 
variable, x its value, pX(x) its distribution.)

φX(0) = 1

φ0X(0) =
Z
ixpX(x)dx = iμ

−φ00X(0) =
Z
x2pX(x)dx = σ2 + μ2

So, the coefficients of the Taylor series expansion of the 
characteristic function are the (uncentered) moments.

Let’s understand better the Central Limit Theorem and where it might or might 
not apply.
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let S = X + Y

pS(s) =

Z
pX(u)pY (s− u)du

φS(t) = φX(t)φY (t)

Addition of independent r.v.’s:

(Fourier convolution theorem.)
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φaX(t) =

Z
eitxpaX(x)dx

=

Z
eitx

1

a
pX

³x
a

´
dx

=

Z
ei(at)(x/a)pX

³x
a

´ dx
a

= φX(at)

Scaling law for characteristic functions:

Scaling law for r.v.’s:
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What’s the characteristic function of a Gaussian?

Tell Mathematica that sig is positive.  
Otherwise it gives “cases” when taking 
the square root of sig^2

syms x mu pi t sigma
p = exp(-(x-mu)^2 / (2*sigma^2)) / (sqrt(2*pi)*sigma)
p =
1/2*exp(-1/2*(x-mu)^2/sigma^2)*2^(1/2)/pi^(1/2)/sigma
norm = int(p,x,-Inf,Inf)
norm =
1
cf = simplify(int(p*exp(i*t*x),x,-Inf,Inf))
cf =
exp(1/2*i*t*(2*mu+i*t*sigma^2))
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Cauchy distribution has ill-defined mean and infinite variance, but it has a 
perfectly good characteristic function:

Matlab and Mathematica both sadly fails at computing the 
characteristic function of the Cauchy distribution, but you 
can use fancier methods* and get:

φCauchy(t) = e
iμt−σ|t|

note non-analytic at t=0

*If t>0, close the contour in the upper 1/2-plane with a big semi-circle, which adds nothing. So the 
integral is just the residue at the pole (x-μ)/σ=i, which gives exp(-σt). Similarly, close the contour in the 
lower 1/2-plane for t<0, giving exp(σt). So answer is exp(-|σt|).  The factor exp(iμt) comes from the 
change of x variable to x-μ.
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Central Limit Theorem

S = 1
N

P
Xi =

P Xi
N with hXii ≡ 0

φS(t) =
Y
i

φXi/N (t) =
Y
i

φXi

µ
t

N

¶
=
Y
i

µ
1− 1

2σ
2
i

t2

N2
+ · · ·

¶

= exp

"X
i

ln

µ
1− 1

2σ
2
i

t2

N2
+ · · ·

¶#

≈ exp
"
−1
2

Ã
1

N2

X
i

σ2i

!
t2 + · · ·

#

Let

Can always subtract off the means, then add back later.

Then

Whoa! It better have a 
convergent Taylor series 
around zero! (Cauchy 
doesn’t, e.g.)

So, S is normally distributed

These terms decrease with N, but how fast?

pS(·) ∼ Normal(0, 1
N2

P
σ2i )
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NS =
P
Xi

Moreover, since

Var(NS) = N2Var(S)and

pS(·) ∼ Normal(0, 1
N2

P
σ2i )

pPXi(·) ∼ Normal(0,
P

σ2i )

If N is large enough, and if the higher moments are well-enough behaved, 
and if the Taylor series expansion exists!

Also beware of borderline cases where the assumptions technically hold, but 
convergence to Normal is slow and/or highly nonuniform.  (This can affect p-
values for tail tests, as we will soon see.)

it follows that the simple sum of a large number of 
r.v.’s is normally distributed, with variance equal to 
the sum of the variances:


