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Many, though not all, common distributions look sort-of like this:
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We already saw the beta distribution with o, > 0 as an example
on the interval [0,1], and the Towne family example (not any simple
function). We’ll see more examples soon.

Suppose we want to summarize p(x) by a single number
a, its “center”. Let’s find the value a that minimizes the
mean-square distance of the “typical” value x:
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expectation notation:

(anything) = [ (anything) p(z)dx
expectation is linear, etc.

minimize: A® = ((z —a)?) = (2® — 2az + a°)
= ((«%) — (2)°) + ({) — a)

This is the variance Var(x), /
but all we care about here is

that it doesn’t depend on a.

(in physics this is called the “parallel axis theorem”)

The minimum is obviously a = (x). (Take derivative
wrt a and set to zero if you like mechanical calcula-
tions.)
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Why mean-square? Why not mean-absolute? Try it!

A=(o—a)= [ |o—alpe)ds

— o0

= /a (a — ) p(x)dx + /aoo(:c —a)p(z)dz

— o0

So,

A a oo
0:2—a:/ p(m)dw—i—O—/ p(x)dx + 0

_ ‘\ /’
a oo Integrand at a
| vz = [ pa)ds =}

— o0

= @ is the median value

Mean and median are both “measures of central tendency”.
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Higher moments, centered moments defined by

i = (z') = f:ci.p(:c)d:c |
M= (@ — @)y = [(@ — (@) pla)do

The centered second moment M, , the variance, is by far
most useful

My = Var(z) = ((z — (z))?) = (2*) — (x)°
0—(;[;) = Var(;g) «— “standard deviation” summarizes a distribution’s half-width
(r.m.s. deviation from the mean)

Third and fourth moments also have “names”

Skewness Kurtosis
Is positive

ne gative ~ ¥ (leptokurtic)

«— positive (platykurtic) ¥ _f\ _ _ N

negative—-s,”

But generally wise to be cautious about using high moments.
Otherwise perfectly good distributions don’t have them at all
(divergent). And (related) it can take a lot of data to measure

them accurately.

The University of Texas at Austin, CS 395T, Spring 2009, Prof. William H. Press



Mean and variance are additive over independent random variables:

x+y)=x+y Var(x + y) = Var(x) + Var(x)

AN

note “bar” notation, equivalent to < >

Certain combinations of higher moments are also additive. These
are called semi-invariants.

Ihb=My, Iz3=M; I4=My—3M3
Is = Ms —10MaM3  Ig = Mg — 15Ma My — 10M3 + 30M;

Skew and kurtosis are dimensionless combinations of semi-invariants
. 3/2
Skew(x) = 13/12/ Kurt(x) = 14/[éZ

A Gaussian has all of its semi-invariants higher than 1, equal to zero.
A Poisson distribution has all of its semi-invariants equal to its mean.
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This is a good time to review some standard (i.e., frequently occurring) distributions:
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Normal (Gaussian):

x ~ N(p, o), o >0

| l rx—pq2
(x) = —
P) ﬂgexp 2[ o ])
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Student:

t ~ Student(v. p, o), v>0 0>0
1
—=(v=1
T(z[v+1]) 1 Tr—p]? 2+
p(t) = — [ + —
[(zv)y/vro v o

“bell shaped” but you get to specify the power with
which the tails fall off. Normal and Cauchy are
limiting cases. (Also occurs in some statistical tests.)

note that o is not (quite) the standard deviation!

we’ll see uses for “heavy-tailed” distributions later

“Student” was actually William Sealy Gosset (1876-1937), who spent
his entire career at the Guinness brewery in Dublin, where he rose to
become the company’s Master Brewer.
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Common distributions on positive real line:
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Exponential:
x ~ Exponential (f3), >0
p(x) = Bexp(—px), x >0
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Lognormal:

x ~ Lognormal(u. o), o=>0

l | [log(x) — p1? (6.14.31)
[’(-‘C]_mexp(—j [%] ) x =0

Note the required extra factor of x~! in front of the exponential: The density that is
“normal” is p(log x)d log x.

While i and o are the mean and standard deviation in log x space, they are not
so in x space. Rather,

_ 11,2
Mean{Lognormal(jt, o)} = e¢"72°

(6.14.32)

2

2
2 e® {gﬂ' —1)

Var{Lognormal(yt, o)} = e

syms mu sig positive

syms X

Pi = sym(pi);

p = (1/sgrt(2*Pi))*(1/(sig*x))*exp(-(1/72)*(log(X)-mu)”~2/sign2)
p =

1/272N1/2)/ piN(1/2)/sig/x*exp(-1/2*(1og(x)-mu) " 2/sig™2)
norm = int(p,0,inf)

norm =

1

mean = Int(x*p,0,inf)

mean =

exp(mu+1/2*s1g”"2)

sig = simplify(sgrt(int(x"2*p,0, inf)-mean™"2))

sig =

exp(mu+1/2*s1g”2) *(exp(si1g"2)-1)N(1/2)
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Gamma distribution:

X ~ Gamma(x, ),

o

["(x)

p(x) = X e

Mean{Gamma(«. B)}
Var{Gamma(w. f)}

When « > 1 there is a single mode atx = (o — 1)/

oa—1 —pfBx

a>0, 08>0

x>0

— o/
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probability density p(x)
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Gamma and Lognormal are both commonly used as convenient 2-

parameter fitting functions for “peak with tail” positive distributions.

— Gamma: exponential decay
— Lognormal: long-tailed (exponential of square of log)

Both have parameters for peak location and width.
Neither has a separate parameter for how the tail decays.
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Chi-square distribution (we’ll use this a lot!)

Has only one parameter v that determines both peak location and width.
v is often an integer, called “number of degrees of freedom” or “DF”

the independent variable is %2, not y

2 .
y = ~ Chisquare(v), v >0 /
I L
p(P)dy* = — (2" texp (L) dy®. >0
25”[‘(%1))

Mean{Chisquare(v)} = v

Var{Chisquare(v)} = 2v
When v > 2 there is a single mode at y* = v — 2

It's actually just a special case of Gamma, namely Gamma(v/2,1/2)
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For univariate distributions, one wants efficient computational methods for all of:

 PDF p(x)

« CDFP(x)

* Inverse of CDF x(P)

 Random deviates drawn from it (we’'ll get to soon)

NR3 has classes for many common distributions, with algorithms for p, cdf, and inverse cdf.

struct Normaldist : Erf {
Normal distribution, derived from the error function Erf.
Doub mu, sig;
Normaldist(Doub mmu = 0., Doub ssig = 1.) : mu(mmu), sig(ssig) {
Constructor. Initialize with 1t and o. The default with no arguments is N(0, 1).
if (sig <= 0.) throw("bad sig in Normaldist");
}
Doub p(Doub x) {
Return probability density function.
return (0.398942280401432678/sig)*exp(-0.5%SQR((x-mu)/sig));
}
Doub cdf (Doub x) {
Return cumulative distribution function.
return O.b%erfc(-0.707106781186547524* (x-mu)/sig) ;
}
Doub invcdf (Doub p) {
Return inverse cumulative distribution function.
if (p <= 0. || p »>= 1.) throw("bad p in Normaldist");
return -1.41421356237309505*sig*inverfc(2.*p)+mu;
}
}-

Matlab and Mathematica both have many distributions, e.g.,

chi12pdf(x,Vv)
chi2cdf(x,v)
chi2inv(p,Vv)
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