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Multivariate Normal Distributions

Generalizes Normal (Gaussian) to M-dimensions
Like 1-d Gaussian, completely defined by its mean and (co-)variance
Mean is a M-vector, covariance is a M x M matrix

1
(27)M/2 det(X)1/2

NX|p.X)= exp[—3(X —p) - X" (x — )]

Because mean and covariance are easy to estimate from a data set, it is easy
— perhaps too easy — to fit a multivariate normal distribution to data.

p=(x) Y= ((x—p) @ (x—p)

Sample the sizes of 15t and 2"d introns for 1000 genes:

g = readgenestats(”genestats.dat");
ggg = g(g-ne>2,:);

which = randsample(size(ggg,1),1000);
iilen = ggg.-intronlen(which);

illen = zeros(size(which));

i2len = zeros(size(which));

for j=1:numel(illen), illlen((j)
for j=1:numel(i2len), i2llen(Jg)
plot(illlen,i2llen,"+")

hold on

loglo(iilen{j}(1)); end;
logloCiilen{j}(2)); end;
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This is kind of fun, because it's not just the usual featureless scatter plot

notice the biology! \
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Is there a significant correlation here? (Yes, we'll see.)
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“Fitting” a multivariate normal just consists of computing the mean and covariance.
Once fitted, one can also easily sample from it.

g T

mu = mean([illlen; i2llen],2)
sig = cov(illlen,i2llen)

mu = 5L
3.2844
3.2483
sig = 4r
0.6125 0.2476
0.2476 0.5458 T o+ o4
rsamp = mvnrnd(mu,sig,1000); B I
plot(rsamp(:,1),rsamp(:,2),"or") + ©
hold off oL 7

If renormalized, the covariance matrix is
exactly the linear correlation matrix:

r = sig ./ sqrt(diag(sig) * diag(sig)-) 0 . . . . .

tval = sqrt(numel(iilen))*r o 1 2 3 4 5 &
rr =

1.0000  0.3843 . o o

0.3843  1.0000 statistical significance of the correlation in
tval = standard deviations (but note: uses CLT)

31.6228 12.1511
12.1511 31.6228

[rr p] = corrcoef(illlen,i2llen) Matlab has built-ins
rr =

= > (xi = X)(yi =)
1.0000 0.3843 F o= !
0.3843  1.0000 \/Z(Ix %) \/Z(w — 7)2
p = i i “ ‘
1.0000 0.0000
0.0000 1.0000
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How to generate multivariate normal deviates:

There is a quite general way to construct a vector deviate X with a specified
covariance X and mean g, starting with a vector y of independent random deviates
of zero mean and unit variance: First, use Cholesky decomposition (§2.9) to factor
Y into a left triangular matrix L times its transpose,

Yy =LLT (7.4.2)

This is always possible because X is positive-definite, and you need do it only once
for each distinct X of interest. Next, whenever you want a new deviate X, fill y with
independent deviates of unit variance and then construct

x=Ly+pu (7.4.3)

The proof is straightforward, with angle brackets denoting expectation values:
Since the components y; are independent with unit variance, we have

(y®y)=1 (7.4.4)
where 1 is the identity matrix. Then,
(X —p)® (x —p)) = ((Ly) ® (Ly))
=(LoeyLT)=LiyeyL" (45
=LLT =%
So, justtake: yi ~N(0.1) and you get a multivariate normal deviate!
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A related, useful, Cholesky trick is to draw error ellipses (ellipsoids, ...)
> =L-L"

So, locus of points at 1 standard deviation is

l=x—pu)- 2 (x=pn) = ‘L_l -(x—,u,]‘:]

If z is on the unit circle (sphere, ...) then

x=L.-z4pu

function [x y] = errorellipse(mu,sigma,stdev,n)

L = chol(sigma, "lower"”) ; '
circle = [cos(CC*pi*(0:n)/n),; sin(2*pi1*(0:n)/n)]. *stdev;
ellipse = L*circle + repmat(mu, [1,n+1]); 5l
x = ellipse(1,:);
y = ellipse(2,:); +
4t +
plot(illlen,i2llen,"+b"); + n
hold on 8r '
[xx yy] = errorellipse(mu,sig,1,100); + , F
pIOt(XX’yy’._r'); al +
[xx yy] = errorellipse(mu,sig,2,100);
pIOt(XX1W’._r.) ++ +
1 L
X +
+ +
O 1 1 1 1 1
0 1 2 3 4 5
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